
Math 451: Introduction to General Topology
Lecture 16

Prop (Uniqueness of limits). In Hausdorff depological spaces , limits of sequence are unique lif exist).

Proof . It X = x' in X and suppose xi-X .
We show ht xnx . &B Hauschoffness

,
here are disjoint open Nex and VaX!. Bense xn- X

,

we have but& XnEU
.
Hence F& x # V

,
so Ontx

Prop , let X be a 1st ctbl top , space . If limits of sequences are unique ther X is Hausdorff.

Proof
.

Let XIX' be in X
. Suppose x and a don't admit chijoint open neighbourhoods, i. e.

for each Ucx and kry open , UNV#0 .
Fix atbl neighbourhood Brbases Elaine and Svalness for x and X1
, respectivals

By replacing Un willli , and Ve with Vi , we may asscue WLOG But

(Unbue and Malwar are decessing
.

For each neI
,

choose AAC) xntUnVn to obtain

a sequence Nulacir . It is now easy
to see let xu+X and xu-X1 . Indeed

,
it is

enough to check nonvergence for Na cul Va
,
i
. e . check ht for each fixed neW,

Fin xmelu and XmEV
,
but this is true for all men by construction and

the factAt the Ra and In are decreasing

We now recall terms like neighborhood ,
closure

,
and boundary
.

Det
.

Let X be top space .
A neighbourhood of a point xeX is a set Pax sit.

I open set 1 with xellep . inP
Det

. Let X be a top. space . The interior of a set PEX is the largest open set US 4,

namely the union of all open VIP .
This is denoted by int(p) or int P.

Not
.

Let X be a top space . The close of a set PEX
,
denoted P

,
is the smallest closed



st 2 : P
,
namely , the intersection of all closed sale containing P . We say that

n point xX adheres to P if every open neighborhood of intersects P.

Prop . For any top space
X and PEX

,

P = (x = X : x adheres do P3.
Proof

. Literally the came as for metric spaces (the proof only used open
sets).

DeMorgan for interior/closure . Let X be a top , space and PEX.
(c) int(p) = ((P4)?
(b) T = int/p ?

Examples . In IR .

(a) int(0 , 1) = 10, 1) and int 120
, B v42 , 33) = 10 , 1) .

16) For the standard Canterst 2 : 10
, 1 , int(c) = 0 .

(c) int() = 0 bease every momempts open interval is unotbl while Discfsl
.

(d) int IRI$) = @ beau $ is dease
.

Det
. Let X be alop, space .

The boundary of a set PEX
,
denoted &P

,
in the set

↑ ()
- Equivalently , OP : (xEX : xadheres to both P and P23

.

Examples. In XFIR .

(a) 0 (Co ,DV 2 ,33) = 30, 1
,
2
,
33

(b) Let = [0 , 1) be the standard (actor set
.

OC = C beare int(c) =0
,
so IRIC is

donce hence (IRIC) = IR so IR1C = C
.

I

(t) O = IR bene both D and IRIQL are dense in IR .

(d) OCIRIQ) = IR for the same reciou .

Obs
.
For a dop spaced and PEX , OP = X 1 (int(p) Vint(PK).



Recall Hot in metric spaces , a point is in the closure of a set P if and only if
there is a sequence (pul =P converging to x

.

The implication holds in all hop
spacesWhile => requires I' itbl.

Prop , let X be a top , space and P-X
. Let x = X.

(a) IfI sequence (Pu) < P recverging ho x
,
then xet.

16) If X is It ctbl and xeP
,
then E sequence (Pu) =P converging lox.

Proof
.

(n) If Putx ther for each open UEX , USP
contains the tail of IPo)

,
here

is moneagity . Thus , x advees ho P
,

so xeP.
16) Same as for retric spaces replacing Build with an arbitrary decreasing atbl

neighbourhood basis for x -

Remark
.

It seems like sequencesophore the topology only in git spaces , while
in general

top spaces the rightmotion in that of a net
.

We'll discuss his notion later if time

permits .

Separation axions .

let X be a hop space .
We

say that X is

To if for any x * X' in X
,
either 7 open UEx

cit
.
x'All of Zopen VEx'st . XAV .

or

Tingteludiff
Prop . A top, space X is T.=> every singleton 3x3 is a closed ot.

Proof , HW



Example ofTo but not to
.

The half open hopology , i . e . % I ,

so X = 30 , 1
and the open sets are $

,
X
,
703.

Indeed
,
I
open
Ve1 Not does not contain O

,
in other words

, got is not

a closed set. The constant O requence Xn
: = 0

converges to both O and
1
.

To E Hauscherff) if for my XIX in X = disjoint open Uzx and VaxEi
Example of T , but not in .

Let T be the refinite top on an infinite of X
,
:
. e.

a set UEX is open (3 XIU is finite
.
This is to bease for any x + x1 in X,

the set U : = X 1(x1] is an open neighbourhood of x not containing X. However
,

This top is not Hausdorff becaus the intersection of any two nonempts
openats U

,
V is still a refinite set

,
here wonempty.

in f regular if it is T, and for ence xeX and closed set 22X with x&

7 disjoint open Uzx and VIC .*Er
Note

. Bene singletons are closed in T 1, is Tz .


